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Abstract
We study two variants of the shortest path problem. Given an integer k, the k-color-constrained and the k-interchange-
constrained shortest path problems, respectively seek a shortest path that uses no more than k colors and one that
makes no more than k − 1 alternations of colors. We show that the former problem is NP-hard, when the latter is
tractable. The study of these problems is motivated by some limitations in the use of diameter-based metrics to evaluate
the topological structure of transit networks. We notably show that indicators such as the diameter or directness of
a transit network fail to adequately account for travel convenience in measuring the connectivity of a network and
propose a new network indicator, based on solving the k-interchange-constrained shortest path problem, that aims at
alleviating these limitations.
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1. Introduction and Related Work
Cities and metropolitan areas, are characterized by a
constant growth and evolution of their demographics and
economies. Thus, transit networks should be seen as
constantly expanding objects and transportation planning
as a highly strategic, and dynamic decision process that
requires taking multiple factors into account [10]. A
user-based perspective is often favored by planners [9],
through the optimization of aspects such as passenger
flows [25], demographic coverage [12], travel time [26], or
waiting time [13]. This user-based perspective is typically
adjusted with cost [11], or robustness considerations
[2] as well as through the assessment of the impact of
potential network designs on private vehicle traffic [14],
the environment [19] and their integration with other
modes of public transportation [18]. These traditional
planning factors can be supplemented by more descrip-
tive indicators reflecting the topological properties of
transit networks. This emerging, relatively under-utilized
approach to transport planning [6], whose development
has closely followed advances in network science [17] and
geographic information science [8] can aid transportation
planners in reaching a better understanding of existing
network layouts and anticipating their expansion. Three
aspects of a transportation network can be evaluated by
these indicators, according to the typology of [6]; state,
form, and structure. Our contributions in this paper focus
on the evaluation of the latter aspect, structure, that is
the intrinsic topological properties of existing networks.
Among other classical network indicators [12] that are
commonly used in this type of analysis, the diameter
d of a network is defined as the length of its longest
shortest path. The smaller its diameter, the better linked
[21] the network. Better networks, from a passenger’s
perspective, would be expected to be long (i.e. the sum
of lengths of their edges should be large), while having
a small diameter to reduce travel time. The network
extension Π, defined as the ratio between a network’s
total length and its diameter, reflects this preference
and is a measure of a network’s spread [5]. The higher
the value of Π, the more widespread a network tends to be.
In this work, we argue that a limitation of both of these
indicators is that they do not account for a network’s
division in transit lines, which can be a defining aspect
for travel convenience. Indeed, for a network of a certain
diameter and total length, a passenger would obviously
prefer to be able to cover these two distances while making
a smaller number of line interchanges. Thus there can
exist important disparities in terms of travel convenience
in networks presenting equal values for these two classical
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indicators.
Derrible and Kennedy [6] have recently made a similar
point and introduced a new network indicator known
as directness, noted τ , which is a measure of the ”ease
of travel” within a network to avoid unnecessary in-
terchanges, and is defined as the ratio of the number
of lines to the maximum number of transfers to travel
between the two most distant nodes of the network.
We show however that this indicator is an insufficient
measure of the convenience of transit over a network, with
counter-examples presented in Section 4.
Section 2 introduces two new network indicators, namely
the color-constrained and the interchange-constrained di-
ameters of a graph (respectively denoted dc and di), which
both correct some inaccuracies resulting from the use of
the previously mentioned classical network indicators to
evaluate transit networks. We show that for a generic
graph, the calculation of dc corresponds to solving an NP-
hard extension of the shortest path problem, when di can
be computed efficiently by solving a tractable such exten-
sion. This section additionally shows that the latter in-
dicator is opportunely more adapted than the former to
transit networks. Section 5 concludes this paper with pre-
liminary results stemming from an ongoing application of
the proposed network indicator to real transit networks.
2. Problem Statement
Let G = (V,E) be an undirected connected graph, in
which V is a set of n nodes, and E a set of m edges.
Each edge e ∈ E possesses two attributes l(e) ∈ L and
c(e) ∈ C, such that l(e) denotes the length of edge e (e.g.
as a unitary connection or an actual length in kilometers),
and c(e) its color or label.
Graph G can be used to model the topological structure
of a multiple-line, unimodal transit network, by associat-
ing a node v ∈ V to each station and an edge e ∈ E to
each direct connection between two stations, the color c(e)
of which denotes the transit line it belongs to. It should
be noted that the term ”line” here, is used in its widest
sense and could include circular sequences of transit sta-
tions (e.g. the ”Circle Line” of the London Underground
network or the ”Line 10 loop” of the Beijing Subway net-
work). These types of circular structures would simply re-
sult in monochromatic cycles [15] in G . In the remainder
of this work, we shall consider, with no loss of generality,
that all edges are of length l(e) = 1. That is to say that we
study transit networks from a topological, graph-theoretic
perspective, rather than a geographic one [7]. Each con-
cept introduced in this work can nevertheless be trivially
extended to the general case, where we account for the
actual distances between stations, rather than measuring
distances in terms of the number of stations traveled.
Definition 2.1 (PIk: the k-interchange-constrained
shortest path problem). For a given integer k = 1, . . . , n−2
and two nodes s, t ∈ V , the k-interchange-constrained
shortest path problem consists in determining the short-
est Path between s and t, with the additional constraint
that the number of alternations of colors in the sequence of
edges defining a path cannot exceed k−1. We call feasible
solutions to this problem k-interchange-constrained paths.
Definition 2.2 (dik: the k-interchange-constrained diam-
eter of a graph). For a given integer k = 1, . . . , n − 2, we
define the k-color-constrained diameter of graph G as the
maximum length (with respect to L) among all pairs of
nodes in V , of a shortest k-interchange-constrained path
linking a pair of nodes. We set the notation di = din−2.
Definition 2.3 (PCk: the k-color-constrained shortest
path problem). For a given integer k = 1, . . . , |C| and two
nodes s, t ∈ V , the k-color-constrained shortest path prob-
lem consists in determining the shortest Path between s
and t, with the additional constraint that the number of
different colors appearing in the sequence of edges defining
a path cannot exceed k. We call feasible solutions to this
problem k-color-constrained paths.
Definition 2.4 (dck: the k-color-constrained diameter of
a graph). For a given integer k = 1, . . . , |C|, we define the
k-color-constrained diameter of graph G as the maximum
length (with respect to L) among all pairs of nodes in V ,
of the shortest k-color-constrained path linking a pair of
nodes. We set the notation dc = dc|C|.
If G = (V,E) represents a multiple-line unimodal transit
network, the k-color-constrained diameter of G is the
maximum number of stations or distance, that a passenger
can travel while using a shortest path of no more than k
transit lines, while the k-interchange-constrained diameter
of G is the maximum number of stations or distance, that
a passenger can travel while using a shortest path making
no more than k − 1 interchanges and thus also using no
more than k transit lines.
An important relation between problems PCk and PIk
to note at this point is that, for a given k = 1, . . . , |C|
the domain of feasible solutions of PCk is a restriction
of that of PIk. Indeed, making a maximum of k − 1
interchanges implies using at most k colors in a path, but
the converse implication is not always true. For instance,
a path over which the sequence of colors would be
red−black−red−black can be feasible for some instances
of PC2 but it is not feasible for any instance of PI2,
in other words this path is a 2-color-constrained path,
but it is not a 2-interchange-constrained path, and any
k-interchange-constrained path is a k-color-constrained
path. In the perspective of accounting for the convenience
of travel when measuring the diameter of a transit
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network, it is more appropriate to limit the number of
interchanges, rather than the number of lines. Indeed,
the former approach is a direct reflection of the concerns
of passenger, when the latter may give consideration to
highly inconvenient paths using a limited number of lines
(as in the red− black − red− black example).
Problems PCk and PIk lie at the confluence of two lines
of research on two variants of the shortest path prob-
lem, without them being specifically treated in the litera-
ture, to the best of our knowledge. Resource constrained
shortest path problems [20] are known to be NP-hard,
but neither the constraint in problem PCk nor that in
problem PIk can be expressed as a constraint on an ad-
ditive resource. On the other hand, research on formal
language constrained-path problems [1] is specifically in-
terested in determining shortest paths in valued, labeled
graphs, with the additional constraint that the sequence of
labels formed by the edges of a path belongs to a given for-
mal language. An important result in this context is that
the problem is solvable efficiently in polynomial time when
the language in question is restricted to be a context-free
language and NP-hard, when restricted to fixed simple reg-
ular language. However, this result does not cover neither
problem PCk nor problem PIk, since a constraint on the
number of labels, or the number of alternations of labels
appearing in a path does not define a regular language, as
it cannot be recognized by a finite automaton.
For k = 1, the 1-color-constrained and the 1-interchange-
constrained diameters of a transit network G are equal
and they do not trivially correspond to the length of the
longest transit line, as there can be a shorter way to join
the two extremities of a line than going through the whole
line, namely if a shorter portion of another line connects
these two extremities.
These two indicators rather correspond to the length of
the longest portion of a line that constitutes a shortest
path using one color, which in and of itself can be an
interesting indicator of how well connected the network
is, when calculated for each line.
3. Computational complexity
Proposition 3.1. The k-color-constrained shortest path
problem PCk is NP-hard.
Proof. We reduce an instance of the boolean satisfiabil-
ity problem [3] to an instance of the decision version
of the k-color-constrained shortest path problem. Given
F (x1, x2, . . . , xn) = C1 ∧ · · · ∧ Cm, a boolean formula in
Conjunctive Normal Form, on the variables x1, . . . , xn, we
construct a graph G containing a node for each variable
xi, i = 1, . . . , n and for each clause Cj , j = 1, . . . ,m and
an additional source node s. Formally, G = (V,E), where
V = {s}∪{x1, . . . , xn}∪{C1, . . . , Cn}, and the edges of E
are the following:
• There exist two edges between s and x1, labeled x1
and ¬x1.
• There exist two edges between xi−1 and xi, labeled
xi and ¬xi, ∀i = 2, . . . , n.
• There exists one edge linking xn and C1, for each
literal in C1, and labeled as that literal.
• There exists one edge linking Cj−1 and Cj , for each
literal in Cj , and labeled as that literal, ∀j = 2, . . . ,m.
Thus there exist 2n labels, one per literal in
F (x1, x2, . . . , xn), and we set k = n. It can be easily seen
that F (x1, x2, . . . , xn) is satisfiable if and only if there ex-
ists a path from s to Cm which uses at most n labels. In-
deed, if such a path exists, it would be of length 2n and use
exactly n labels all appearing in the first half of the path,
going from s to xn. These labels correspond to the literals
(each being a variable xi or its negation ¬xi, i = 1, . . . n)
that would take value 1 in a solution to the boolean sat-
isfiability problem. The existence of the second half of
the path, going from xn to Cm ensures that this assign-
ment of boolean values to the literals satisfies each clause
Cj , j = 1, . . . ,m and therefore that F (x1, x2, . . . , xn) is
satisfiable. Conversely, if F (x1, x2, . . . , xn) is satisfiable,
then there exists a set of n literals which, when assigned
value 1 satisfy each clause Cj , j = 1, . . . ,m, a path from s
to Cm which uses exactly n labels can therefore be built in
the graph by selecting a set of 2n edges labeled with these
n literals.
Proposition 3.2. The k-interchange-constrained shortest
path problem PCk is tractable.
From a Dynamic Programming perspective, one can
see that the shortest k-interchange-constrained path
problem possesses an optimal sub-structure. Indeed, let
P kst = sx1x2 . . . xk−2xk−1t be a shortest k-interchange-
constrained path1 of length L(P kst), between two nodes s
and t in a graph G.
The functional equation defining problem PCk can be bro-
ken down as follows:
• L(P kss) = 0
• L(P kst) = min
i∈V−{s,t}
{L(P k−1si ) + L(P 1it))}
Where L(P 1si) is the length of a path between s and one
of the interchange nodes xi that is directly accessible
from s with edges of one color (i.e. without any prior
interchange). In other words, the shortest k-interchange-
constrained path between s and t contains the shortest
path between its first visited interchange node x1 and t
1Note that in transit networks, intermediate nodes xi, i =
1, . . . , k − 1 would necessarily be interchange nodes.
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using at most k − 1 interchanges.
The previous dynamic programming reasoning can ob-
viously not be used for the NP-hard PCk problem, the
intuitive reason being that in this problem, any portion of
the shortest k-color constraint path between s and t can
contain up to k different colors and is not necessarily the
shortest sub-path to verify this property.
The tractability of the k-color-constrained shortest path
problem is demonstrated in graph-theoretic terms, in the
following proof.
Proof. We reduce an instance of the decision version of
the k-color-constrained shortest path problem between s
and t to an unconstrained shortest path problem.
Given an undirected connected graph G = (V,E), in which
each edge e ∈ E possesses two attributes l(e) ∈ L and
c(e) ∈ C, an integer k = 1, . . . , n− 2 and two nodes s, t ∈
V , we construct a directed connected graph G′ = (V ′, E′),
containing vertices s and t as well as Xi, i = 1, . . . , k − 1,
the set of nodes that can be reached from s by a path mak-
ing exactly i−1 alternations of colors. In transit networks
this set can be restricted to interchange nodes that can be
reached from s by a path making exactly k−1 interchanges
and in which arcs in E′ are only valued by a length l′(e).
Formally, we set:
• V ′ =
k−1⋃
i=1
Xi ∪ {s, t}, where X1 = {[x, c] : x ∈ V, c ∈
C, ∃P ⊆ E, a path between s and x in G and ∀e ∈
P, c(e) = c}. An arc e′ ∈ E′, from s to [x, c] is created
for each path of the form P in the previous defini-
tion of X1. The length of this arc would correspond
to the length of path P , that is the number of edges
of color c in this path, i.e. l′(e′) =
∑
e∈P
l(e), where
P ⊆ E, is a path between s and x in G and ∀e ∈
P, c(e) = c.
• ∀i = 2, . . . , k − 1, Xi = {[x, c] :
x ∈ V, c ∈ C,∃[x′, c′] ∈ Xi−1,∃P ⊆
E, a path between x′ and x in G and c(e) = c 6=
c′,∀e ∈ P}.
The construction and size of G′ are polynomial. Indeed,
each set Xi, i = 1, . . . , k − 1 contains a maximum of
|C| × (n − 2) nodes and the maximum value of k is
n − 2. Thus there exist at most |C| × (n − 2)2 + 2 nodes
in graph G′, and the number of edges of this graph
is asymptotically bounded by O(n3), since there are k
levels (k being bounded by n − 2) and a maximum of
(n− 2)(n− 3) links between two levels.
Let P kst be a k-interchange-constrained shortest path be-
tween s and t, in G. We show that P kst corresponds to
a shortest path P ′st from s to t in G
′. In terms of the
sequence of colors appearing in P kst, this path can be char-
acterized as P kst = s
c1−→ x1 c2−→ x2 c3−→ . . . ck−2−−−→ xk−2 ck−1−−−→
xk−1
cp−→ t, where intermediate nodes xi, i = 1, . . . , k − 1
represent nodes at which an alternation of color in path
P kst, and the symbol
c−→ therefore indicates a maximal sub-
path of path P kst in which all edges are of color c. Thus,
there exists a path P ′st = sx1x2 . . . xk−2xk−1t in G
′ which
corresponds to P kst. It is easy to see that P
′
st is a shortest
path from s to t in G′. Indeed, the existence of another,
shorter path from s to t in G′ and of a corresponding path
to it in G would contradict the optimality of P kst in G.
Conversely, any shortest path from s to t in G′ would in-
duce a corresponding k-interchange-constrained shortest
path between s and t in G, using the same reasoning.
4. Some Limitations of Classical Network Indica-
tors
For a given k, dck and dik define two mathematical
sequences on k. n this section, we illustrate that both the
values of these sequences as well as their variations for dif-
ferent values of k are indicative of a network’s topological
development over time, if we assume this development to
be a series of decisions consisting in creating new transit
lines or extending existing ones. Moreover, we show
through examples that classical network indicator fail to
capture this information.
We argue that, ceteris paribus, the k-interchange-
constrained diameter mathematical sequence is indicative
of the appropriateness of successive additions of lines, that
is the quality of past decisions regarding the trade-off [16]
between extending existing lines (which would possibly
increase the value of the diameter of the graph), versus
creating new lines (which would possibly result in a
significant increase of the value of sequence dik for two
consecutive values of k, i.e. before and after the line
addition). Ideally, new lines would add spread, without
extending the diameter.
In other words and all things equal, better networks
should present, a small variability in their k-interchange-
constrained diameters for increasing values of k. Indeed,
small and stable values of dik, for successive values of k in-
dicate a good compromise between the two conflicting feats
of not extending existing lines too much, thus extending
passenger travel time (which would result in a large value
of the k-interchange-constrained diameter for some k), and
only adding new lines when strictly necessary to cover new
territory (which would result in an important increase in
the value of the k-interchange-constrained diameter, for
two consecutive values of k). Conversely, a significant in-
crease of the k-interchange-constrained diameter for two
consecutive values of k may indicate the unnecessary ad-
dition of a new line to the network, at some point of the
decision-making process, when extending an existing line
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Figure 1: First generic example
may have been theoretically more indicated. The term the-
oretically is highlighted in the previous sentence, because
a significant increase in the value of dik, brought by adding
a line, may not be the result of poor decision-making and
may be simply explained by technical/engineering difficul-
ties to extend lines [16], or the commercial necessity to
create new lines with a special pricing system (e.g. tran-
sit connections to airports such as Bangkok’s Airport Link
and Paris’ OrlyVal). However, from a passenger’s point of
view, large increases of dik for successive values of k remain
undesirable, as they mean that the coverage of new terri-
tory during the development of the network comes with
the inconvenience of having to make more transfers.
Figure 1 further illustrates the intuition behind this in-
dicator on a generic example. It represents three tran-
sit networks, denoted (1), (2) and (3), each of which is
constituted of three transit lines (distinguished by the
representation of their edges as plain, dashed or dotted
double-lines) and two transfer stations (represented as
empty white nodes), the full black nodes representing non-
transfer stations. Network (3) possesses the same number
of stations (equal to 12) as network (1) and the same di-
ameter (equal to 5) as network (2). Table 1 presents the
successive values of dik as well as its variance, for each
of these three networks. Networks (1) and (2) are simple
chains. All their stations could have been covered by a sin-
gle transit line, although it may have been made impossible
to do so because of the technical difficulty of extending a
line, or by commercial necessities, as previously stated. It
remains that, from a purely topological perspective, the
use of three different transit lines on these networks was
unnecessary. In network (3) however, and assuming a line-
by-line development of the network, the definition of three
different transit lines was an absolute topological necessity.
This network also has a better spread than network (1), for
an equal length/number of stations covered and a smaller
diameter. Additionally, it covers more stations than net-
work (2), for an equal diameter (i.e. longest possible trip).
These facts are reflected by the relatively smaller variance
of its k-interchange-constrained diameter, as presented in
Table 1.
The second generic example shows that the k-interchange-
constrained diameter contains an information about
network, that is absent in their Π and τ indicators. The
Network
k
1 2 3 Variance
(1) 4 8 11 8.22
(2) 2 4 5 1.55
(3) 4 5 5 0.22
Table 1: k-interchange-constrained diameters of the illustrative net-
works in the first generic example
Figure 2: Second generic example
two networks presented in Figure 2, which uses the same
graphical nomenclature as Figure 1, are both constituted
of three transit lines and are of equal diameters d = 3,
equal total lengths |E| = 5 and thus present the same
value of network extension Π = 53 = 1.66. Additionally, in
both these network, the maximum number of transfers to
cover the diameters of the networks equals 2. Thus, they
present the same value of directness τ = 32 = 1.5.
Although, networks (4) and (5) are topologically identical,
network (5) is better from a passenger’s perspective, as
traveling the whole length of its diameter can be done
using a single transit line (but also with one or two inter-
changes), whereas it cannot be done without at least two
interchanges in network (4). This is reflected by the fact
that network (5) has a constant k-interchange-constrained
diameter (i.e. line additions add spread without making
the diameter longer), when the k-interchange-constrained
diameter of network (5) presents a variance of 0.22.
5. Conclusion
This paper studied two variants of the shortest path
problem in a valued and edge-colored graphs. Given an
integer k, the k-color-constrained and the k-interchange-
constrained shortest path problems, respectively seek a
shortest path that uses no more than k colors and one
that makes no more than k − 1 alternations of colors. We
have shown that the former problem is NP-hard, when
the latter is tractable. The study of these problems was
motivated by some limitation in the use of diameter-based
metrics as structure indicators for transit networks,
namely that they do not account for the number of
interchanges of lines, which can be a defining factor for
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the travel convenience of passengers.
Thus, we have proposed a new network indicator, the
k-interchange-constrained diameter of a graph, whose
value accounts for travel convenience when measuring
the diameter of a graph. Moreover, the stability of this
indicator for different values of k is indicative of the
effects of successive transit line extensions and new lines
creations on improving connectivity, by increasing a net-
work’s spread without significantly increasing its diameter.
Preliminary analyses we have conducted on three real tran-
sit networks, which will be published fully in a future
more application-oriented paper, tend to confirm an intu-
ition we have that mature, well connected transit networks
(e.g. Paris, Moscow) present rather stable values of their
k-interchange-constrained diameter, for variations of k,
when a more recently established, still rapidly-expanding
transit network such as the BTS and MRT network of the
Bangkok Metropolitan Area present relatively important
fluctuations for this indicator, with successive values of k.
Thus variations of the k-interchange-constrained diameter
of a transit network seem to, unsurprisingly, be a reflection
of the stage of development it finds itself at.
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